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1. Introduction 



Zeta values often enter the p-adic world via p-adic L-functions. One expects that p-adic L-functions are in- 
timately connected with arithmetic. A p-adic L-function can have several variables. In such a case, we may 
expect that a power series obtained by taking its partial derivative with respect to one of the variables at a 
specific value of that variable, also has some arithmetic meaning. 

Katz p-adic L-function over a totally real field of degree d has {d + 1 + ^)-variables, where 5 is the Leopoldt 
defect for the totally real field. In this article, by Katz p-adic L-function we mean the projection to the first 
{d+ l)-variables. When the branch character is self-dual with the root number —1, the corresponding anticy- 
clotomic Katz p-adic L-function of d-variables identically vanishes. In this article, we study the /i-invariant of 
the cyclotomic derivative of the Katz p-adic L-function when the branch character is of this type. Following 
a strategy of Hida, we determine this /i. 

Let us introduce some notation. Fix an odd prime p. Let J-" be a totally real field of degree d over Q 
and /C be a totally imaginary quadratic extension of J^. Let Dp be the discriminant of J^/Q. Fix two embed- 
dings too : Q ^^ C and tp : Q — > Cp. Let c denote the complex conjugation on C which induces the unique 
non-trivial element of Gb1{IC/J-') via l^. We assume the following hypothesis throughout: 

(ord) Every prime of J- above p splits in /C. 

The condition (ord) guarantees the existence of a p-adic CM type S i.e. E is a CM type of /C such that, 
p-adic places induced by elements in E via Lp are disjoint from those induced by Sc. Let /C^ and /C^ be the 
cyclotomic Zp-extension and anticyclotomic Zp-extension of JC. Let ICoo = ^tc^oo ^^ ^ Zp''"^ -extension of /C. 
Let r± := Gal(/C± //C) and let F ^ Gal(/Coo//C) ~ r+ x F". 

Let £ be a prime-to-p integral ideal of JC. Decompose C = £"*"£", where C"*" (respectively £~) is a prod- 
uct of split primes (respectively ramified or inert primes) over J- . Let A be a Hecke character of infinity 
type fcE, /c > and suppose C is the prime-to-p conductor of A. Associated to this data, a. {d+ l)-variable 
Katz p-adic L-function Ly,^x{Ti,T2, ...,Td, S) G Zp|r] is constructed in [lU] and [1] . Here Ti,...,Td are the 
anticyclotomic variables and S is the cyclotomic variable. We occasionally abbreviate this function as Le,a- It 
interpolates critical Hecke L- values L{0, Ax) as x varies over certain Hecke characters mod £p°° (cf. [H Thm. 
II]). Let L^ ^ G Zp|F^] be the anticyclotomic projection obtained by substituting S ^ 0. 

For each local place v, choose a uniformiser tu.„ and let |.|i, denote the corresponding absolute value nor- 
malised so that \wv\v — \N{njy)\i and |/|; = j, where N is the norm, w n Q = (/) and I > 0. Let Vp be the 
p-adic valuation of Cp normalised such that Vp{p) — 1. We view it as a function on Q via Lp. Let N be the 
norm Hecke character i.e. adelic realisation of the p-adic cyclotomic character. For each v dividing £^ and A 
as above, the local invariant iip(Xy) is defined by 

(1.1) ^p(A„) = inf i;p(A^,(a;) - 1). 

Let us also define 

(1-2) t^pM^Vpi^^^^lj^)+ J2 Mp(A.)>0 

logp(l+p) ^^^|^_ 

and 

(1.3) fi'piX) = ^ /ip(A.). 

From now on, suppose that A is self-dual i.e. A|^x = r^/jr|.|A^, where T](^/jr is the quadratic character 
associated to IC/J^ and |.|a^ is the adelic norm. In particular, the global root number of A is ±1. Now, suppose 
that the global root number is —1. In view of the functional equation of Hecke L-function, this root number 
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condition forces all the Hecke L-values appearing in the interpolation property of L^ ^ to vanish. Accordingly, 
L^ X = 0- This also follows from the functional equation of Le.a {ci. HI §5]). The anticyclotomic arithmetic 
information contained in Ls,a may seem to have disappeared. However, we can look at the cyclotomic 
derivative 

(1-4) 4,A = {-^L^ATi,.:,Td,S))\s=o. 

For any integer k, L^\{Ti,T2,...,Td,{l + p)'^ — 1) equals L^ ^n'' ^^^^ lim((l + pY — 1) equals zero. Thus, 
the cyclotomic derivative equals 

(1.5) bi;(TTrt ^i^-" -=)'-" ^^^P"i- 

Note that the factor ■, h-r^ comes from the fact that 

lim^— ^^ = log,(l+p). 

Here, log„ is Iwasawa's p-adic logarithm normalised so that logp(p) = 0. In (1.5) and throughout this article 
our meaning of derivative is the following. Let / be a function from integers to a p-adic domain of characteristic 
different from p. We define 

(1.6) ±mU-o:=Mmm^m. 

Here, lim denotes the p-adic limit. Note that the Leibnitz product rule is valid for this notion of derivative. 

The following can be considered as the main result of the article. 

Theorem A Let h^ :— hK^/hjr be the relative class number. Suppose that p\ h^ ■ Djr. Then, we have 

KLs,\) = min{^p(A),^p(A„)}. 

We now describe the strategy of the proof. Some of the notation used here is not followed in the rest of 
the article. 

We basically follow a strategy of Hida. Let us briefly recall Hida's strategy to determine ii{L^ x) (cf- El)- 
Suppose that p | /i^ • Djr. The starting point is the observation that there are classical Hilbert modular 
Eisenstein series {fi,x)i such that 

(1-7) L^^;,=^a,o(/,;,(i)), 

i 

upto an automorphism of Zp|r^|. where fi,\{t) is the t-expansion of fi around a well chosen CM point x with 
the CM type (/C, S) on the Hilbert modular Shimura variety Sh and ai is an automorphism of the deformation 
space of X in Sh. Based on Chai's study of Hecke-stable subvarieties of a Shimura variety, Hida proves the 
linear independence of (a^ o fi,x)i modulo p. It follows that fi(L^ x) — nriui /i(/i.A(i)) = miu; /i(/i.A)- Now, 
fJ-ifi.x) = fJ-{fi.x{Q)), where fi^x{<l) is the q-expansion of fix- Thus, the question reduces to the computation 
of the /i- invariant of the q-expansion. When €~ — 1, this computation can be done quite explicitly. However, 
when £~ 7^ 1, the computation seems quite complicated. As an alternative, Hsieh constructs certain Hilbert 
modular Eisenstein series (fz,A)i whose g-expansion comupuation is a bit simpler than that of {fi^x)i such that 
the property (1.7) still holds i.e. the power series L^ ^ equals J^i o-i ° {^i.xit)) upto an automorphism of Zp|r~] 
(cf. [8J). In [6] and [8], the condition p \ h^ is not needed as otherwise the power series L^ ^ restricted to an 
explicit finite open cover is still of the form (1.7). 
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In our case, the root number condition forces that £^ ^ 1. So, we use the later Eisenstein series. Firstly, we 
show that there are p-adic Hilbert modular forms (f^ ^)i such that 

(1-8) %a = E«''°(<aW), 

i 

upto an automorphism of Zpjr^|. Basically, f^ ^ is the derivative of ii,\N^ at s = (cf. (1.5)). As in Hida's 
strategy, the question then reduces to the computation of the /i-invariant of g-expansion of (f^ ^)i. However, 
the expression for the g-expansion coefficients does not seem to be very explcit. The coefficients are the prod- 
ucts of certain local Whittaker integrals and derivatives. 

When T equals Q and A is the Grossencharacter associated to a CM elliptic curve E/Q having CM by 
Oki the Katz p-adic L-function, Ls^a is the two variable commutative p-adic L-function associated to E. In 
|12| . Rubin proves that is. a generates the characteristic ideal of a certain Selmer group associated to E/fCoo- 
This two variable main conjecture gives cyclotomic and anticyclotomic main conjectures. When A has root 
number —1, both sides of the anticyclotomic main conjecture are zero (cf. P]). However, in [loc. cit., Thm A] 
it is shown that L-^ ^ generates the characteristic ideal of the torsion part of the anticyclotomic Selmer group 
times a certain anticyclotomic regulator associated to A after tensoring with Qp. In the appendix of [T], Rubin 
proves the non-vanishing of this anticyclotomic regulator. Thus, L^ ^ is non-trivial. The results of [loc. cit.] 
have been generalised to self-dual CM modular forms in [2], except the non- vanishing of the anticyclotomic 
regulator. Theorem A proves the non-vanishing of the anticyclotomic regulator of a CM modular form with 
the root number —1. This seems to be one of the first instances where the non- vanishing of an Iwasawa 
theoretic regulator is proven by a modular method (combined with the main conjecture). 



When A is self-dual without a condition on the root number, the method in this paper can be used to 
study non-triviality of certain higher order anticyclotomic derivatives L^ -^ modulo p. As a consequence, we 
can show that L-^.x G Zp|r]] is not a polynomial. 



It seems likely that L^ ^ generates the characteristic ideal of the torsion part of the anticyclotomic Selmer 
group upto an anticyclotomic regulator. Another interesting question would be whether a normalisation of 
L-^ ^ interpolates a normalisation of (complex) derivative L-values. 

The article is organised as follows. In §2, we recall some facts about Hilbert modular Shimura variety. 
Basically, we need to state a version of Hida's linear independence result suitable to our settting. This does 
not seem to be directly stated in [H] . We also recall the notion of the i-expansion of a Hilbert modular form 
around a CM point which plays an essential role in the article. The reader familiar with [S] can begin with §3. 
In §3, firstly we recall the construction of Eisenstein series in [5]. Towards the end, the p-adic Hilbert modular 
forms (fj ^)i are constructed. In §4, we prove Theorem A. In §4.1, we firstly give an outline of the proof. In 
§5, as an application, we prove the non- vanishing of the anticyclotomic regulator in ^. 

Acknowledgments. We are grateful to our advisor Prof. Haruzo Hida for continuous guidance and encour- 
agement. The question was suggested by him. We also thank Ming-Lun Hsich for patiently answering our 
questions regarding [8, and ^. 



2. Hilbert modular Shimura variety 

In this section, we recall some facts about Hilbert modular Shimura variety. We end with a certain linear 
independence of mod p Hilbert modular forms due to Hida. We follow [5], [5] and [S]. 

2.1. Setup. In this subsection, we recall a basic setup regarding Hilbert modular Shimura variety. 
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Let G — Resjr/QGL2 and /iq : i?esc/RG„i — ?> Gm be the morphism of real group schemes given by 

a + bi I 



a —b 
b a 



where a + bi e C^. Let X be the set of G'(R)-conjugacy classes of Hq. We have a canonical isomorphism 
X ~ (C — R)^, where / is the set of real places of J-". The pair (G, X) satisfies Deligne's axioms for a Shimura 
variety. It gives rise to a tower {ShK{G,X))K of quasi-projective smooth varieties over Q indexed by open 
compact subgroups K of G(A-^). The tower is endowed with an action of G{A-I'). The pro-algebraic variety 
Sh{G, X)/Cl is the projective limit of these varieties. The complex points of these varieties are given as follows 

(2.1) ShK{G, X){C) = G(Q)\X X G{Af)/K, Sh{G, X){C) = G{Q)\X x G(A/)/2XQy. 



Here, Z{Q) is the closure of the center Z{Q) in G(A^) under the adelic topology. For {z,g) E X x G(A^), 
let [z,g] denote the corresponding point on Sh{G,X)(C). 

Let us introduce some notation. Consider V = J-^ as a two dimensional vector space over J^. Let ei = (1, 0) 
and 62 = (0, 1). Let (., .) : V x V ^ T he the J^ bilinear pairing defined by (ei, 62) = 1. Let C = Oei © 0*e2 
be the standard O lattice in V. For a fractional ideal b of O, b* := b^^d^^ . Here, 5? denotes the different of 
?/Q, where ? equals T or /C. Sometimes, we denote djr by 5. For g e G(Q), g' :— det{g)g~^. Note that G(Q) 
has a natural right action on J-^. For x E V, consider the left action gx := xg'. 

Let h be the set of finite places of T. For v E h, 

K^ := {g e GL2{T,MC «. O,) = £ ® 0„}, K^ := J]^"- 

v\p 

From now on, we consider only those open compact subgroups K of G(A-^) for which Kp equals K'^. We say 
that K is maximal 'dt p if K equals G(Zp) x K^P' . Sometimes, by 1 we mean the trivial subgroup. 



2.2. Moduli interpretation. In this subsection, we describe the moduli functor represented by Hilbert mod- 
ular Shimura variety. 

To describe the functor, we first introduce a certain fibered category. Let S be a finite set of rational primes. 
Let Z(H) denote the localisation of Z at S. Consider the fibered category A%/SCH/Zf-. as follows. Let 5'/Z(h) 
be a locally Noetherian and connected scheme. Let s be a geoemtric point of S. The objects are abelian vari- 
eties with real multiplication over 5* of level K. To be precise, an object A ~ {A, A, t, ?7")s is a quadruple where 

(r?Til) A/S is an abelian scheme of dimension d. 

(rm2) A is prime to S polarisation oi A/S and A := {A' G Hom{A,A*) (x) Zh|A' = A o a,a 6 O^-. .}. 
Here, 0(h)^+ := {a G 0(h) ^(a) > 0,Vcr G /}. 
(rm3) L : O '^ Ends A ®z Z(h) is an embedding. 

(rm4) fj" — ri"K" is a tti (5', s)-invariant ii''^P)-orbit of O^c-module isomorphism 77" : C®Af'^^^ ~ Hi{As^A^'^"^). 
Here and henceforth. A, denotes the finite adeles of A? outside a finite set of rational primes D, of a num- 
ber field ?. When ? = Q, from the notation we drop the subscript. For g G GL2(A3r ), {'il"9){x) '■= ri"{gx). 

We also demand the quadruple to satisfy the following conditions. 

(cl) V6 G O, t(6)* — i{b) where * is the Rosati involution induced by A. 

(c2) We fix an isomorphism C, : A-^ ~ A-^(l). Thus, we can regard the Weil pairing e^ induced by A as an T- 

alternate form e"^ : V^{A) x V^{A) — > Oj^^(g)z A-^^"^. Let e^ denote the 7^-alternate form e'^{x,x') :— {xrj^x'rj). 

Then, e^ = we'' for some u G A^r . 

(c3) There exists an O ^z Os-niodule isomorphism Lie A ~ O ®z Os, locally under the Zariski topology of S. 
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Let A^ {A,X,i,fj-) and^= {A' , X' , l' , fj'-) . We define 

(mor) Mor^^JAAL) := {/ G i?omo(A, A')|/*A' ^ XJ o fj'^ = f}^}. 

We say that A^j^ (resp. ~) if there exists prime to S isogeny (resp. isomorphism) in AIor_^H (A. A'). 

Consider tlie functor 

£^ : SCH/Z(^s) -^ SETS 
S^iAeAfAS)}/^. 

Also, let us consider the functor 

C| : SCH/Z^s) -^ SETS 
S^{Ae AliS)\r]~iC ®z Z) = Hi{A,, Z)}/ ~ . 

In [31 §4.2], it is shown that £f^ ~ Cf^. 

Let us first consider the case S = 0. Accordingly, in the above notation we drop S. 

Theorem 2.1. (Shimura-Deligne) The functor £i is represented by Sh{G, X)/Cl. When K is small, £k is 
represented by ShK{G,X) = Sh{G,X)/K (cf. [5, §4.2];. 

Let ^/f .[jnii, be the universal object. 
Now, let us consider the case S = {p}. 

Theorem 2.2. (Kottwitz) The functor £1^ is represented by Sh^''^\G,X)/Z(^py Moreover, 

Sh'-P\G,X) X Q ~ 5/i(G,X)/G(Zp)/Q. 
When K is small and maximal atp, £^ is represented by Sh^ {G, X) — Sh^P'{G,X)/K (cf. [5, §4.2. 1]^. 

Let ^}^ „„j^ be the universal object. 

Let K be sufficiently small (cf. [S] §4.1]). Let c be an ideal of O prime to p. Let c £ (A^^^-^)^ such 
that c — iljr(c). Here, iij^{c) = c{0 ® Z) n J^. We say that A € .4^(5') is c-polarised, if there exists A 6 A (cf. 
(rm2)) such that for u as in (c2), u G cdet{K). We can consider the subfunctors £fj^ and Cfj^ of c-polarised 
quadruples. It follows that £'f^ — Cfj^. This functor is represented by geometrically irreducible scheme 
5/i|(c)(G,X)/z,3,. Moreover, ' 

(2.2) Sh~{G,X)= y Sh%{c){G,X). 

lc]eci+(K) 

Here, CV^{K) is the narrow ray class group of F of level det{K) . Following the previous notation, let ^f ^ „„i^ 
be the corresponding universal object. 

For g e G(A'''), (A, A, t,?]) ^^ (A, A, t,ry o g) induces a right action of G(A-'') on Sh{G,X). Let 



g = g{G,X) ^{ge G{A)\det{g) e AX J-x J-^,+/^x J-^^+} and £{G,X) = g(G,X)/Z(Q)G(R) + . 
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Theorem 2.3. (Shimura) The group £{G,X) is the stabiliser ofSh{c){G,X) in G(A)/Z(Q)G(R)+ (of. [51 
Thm. 4.14];. 

When g e £{G,X) is regarded as an automorphism of Osh{c){G,x)i we sometime write it as T{g). 



2.3. CM points. In this subsection, we recall the notion of a CM point on the Hilbert modular Shimura 
variety. 

Recah, X ^{C-RY = T(g>C. 

Definition 2.4. A point x = [z,g] G Sh{G,X){C) is said to be a CM point ii z E X generates a totally 
imaginary quadratic extension K.x/J'- 

Let Cx be the complex conjugation of ICx/J'- Let O — Ok.^ be the ring of integers of K-x- Let T = 
Reso /z Gm, Tx = Reso /z <Gm- The inclusion O ^^- O induces an inclusion T "^ Tx oi Z(p)-tori. 
Consider the Z(p)-torus T = T/Tx- As explained in fG*, §3.2], x gives rise to the morphism 

(2.3) px -.Tx -^ G/Af 

of A^-group schemes. It also gives rise to a CM type T,x of ICx (cf. ^ §3.2]). 

Now, suppose that (ord) is satisfied for JCx/J-- Also, suppose that Yjx is ap-adic CM type. Let p = Iltjes P"- 
Consider, C'?^ — ;• Op given by a i— > a^^'^"=. It induces an injective homomorphism 

(2.4) r(Z(rt)^T(Zp). 

Let A.^ be the fiber of A^^tv ^t the geometric point x. The condition that a: is a CM point translates in 
geometric terms as Ax is a CM abelian variety with CM type {K.x, Sx) (cf. |13|). 



2.4. Igusa tower. In this subsection, we recall the notion of an Igusa tower over Hilbert modular Shimura 

4^) and cf 



variety. We basically add p-power level structure to the moduli problems 8^ and Cf . 



Consider the fibered category A^^^j SGHj'z,, defined as follows. Let S/7i(^p-) be a locally Noetherian and 
connected scheme. The objects are the pairs (^, in)/S! where A G rdiJ'cp) ("5*) and 

j„ : O* ® fip^ -> A[p"] 
is a monomorphism of O-group schemes. 

We define 

{mor') Mor ^,, ((A Jn), {^,in)) -^ {/ e Mor^,,, {AMlU = fj- 

K.n jf{p) 

Consider the functor 

4''i : SCH/Z^p) ^ SETS 
S^{{A,j^)eAfjS)}/^. 

Considering Cj^ instead of Sj^ and ~ instead of ^^j we get a functor C]^„. It follows that £'j^„ — Cj^ „■ 
Theorem 2.5. The functor Sf^ is represented say by lK,n/'^{p) (cf- [5j §4.2.4]j. 
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For n > m, we have the projection morphism 7r„ ,„ : Ix.n ^' iK.m induced by O* ® /ipm ^^ O* ® /ipn . Let 
Ik = hm/if_„. Note that 

(2.5) 3/ : O* ® /ipoo ^ A[p°^] <=> 3/ : O* (g) G™ ~ 1, 
where A is the formal completion of A along the identity section. 

(act) Thus, Aut(0* ® Gm) acts on /;<-. 

Let A be a p-adic algebra and Iqk/a = lim 1™ lK,n/A/p™'A- Lr other words, /^i^ is the formal comple- 
tion of Ik along the mod p fiber. As before, 

{act') Aut(0* ® Gm) acts on Iqk- 

Let F be an algebraic closure of Fp and T4^(F) be the corresponding Witt ring. Clearly, 

(2.6) IgK/w(¥) <Xi F = Ik/¥- 

We consider a similar subfunctor ^}^„(c) as in (2.2). It is represented by geometrically irreducible scheme 
lK,n{^)- We have a similar decomposition as in (2.2). We can put lK,n{^) in the previous discussion of this 
subsection. Thus, we get a geometrically connected formal scheme IgK{c). 

Note that {A,jn) '^ A induces an etale morphism 7rif_„(c) : lK.n{<^) -^ Sh^ {c){G,X). Thus, we get an 
etale morphism nK{^) '■ Ik{^) — > Sh^ {G,X). In particular, for x G Ik{c) 

(2-7) ^^ic(c),:>;-C5h.(p)(G,X),.r(:.)- 



2.5. Tate objects. In this subsection, we recall some notation regarding Tate objects on the Hilbert modular 
Shimura variety. Basic references for this subsection are [TOl §1.1] and O §4.1.5]. 

Let £ be a set of d linearly independent elements / G IIom(J^, Q) such that 1{J-+) > 0. Let L be a lattice in T 
and n be a positive integer, we define L£_„ = {x e L\l{x) > —n,\/l G £} and A((L,£)) = lim A|L£^„]. Pick two 
fractional ideals a, b of O prime-to-p. To this pair. Mumford associated a certain abelian variety with real mul- 
tiplication Tatea,b{q) /z{(ab,s.)) endowed with a canonical O-action tcan- Formally, Tatea,b{q) = a* ®z '^m/q^- 
It is also endowed with a canonical polarisation A, p°° level structure jean and a generator ujcan of ^Tate^ i,(g)- 



Let ^Tate„,i,(g) dcuotc (Tatec^t, (q), Acan , ^can, i 



can 7 ^can j Jean I • 



2.6. Deformation theory of an ordinary abelian variety. In this subsection, we briefly recall Serre-Tate 
deformation theory of an ordinary abelian variety. 

Recall, W — W{W). Let CLw be the category of complete local VF-algebras with residue field F. Let 
^ = (=4:1 Joo) G Ik{'^){^) = I9k{'^){^)- Consider the deformation functor 

r^ : CLw ^ SETS 

S^{yelK{c){S)\y®¥^x}/^. 

Let Ti be the torus d~^ (E)z IJ-p°°- The corresponding formal torus Ti is T)'^ ®z Gm- Note that 
(2.8) Of^^Wlti'~l,...,t^'^ll 
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for a basis {^i, ..., ^j^} of O/Z and the co-ordinate t of 0^^ ®z '^m- 

Theorem 2.6. (Serre-Tate) The deformation functor Vx is represented by the formal scheme Sx — Spf(0/^(c).a;) 
Spf(C'„, (p), , , J. Moreover, the level p°° -structure joe induces a canonical isomorphism Sx — T'l/VF (cf 
[6l§2.4])! ^'^''^ 

Let xsT — iA:x stt3x,st) be the corresponding universal object. 



2.7. Geometric Hilbert modular forms. In this subsection, we recall the geometric definitions of classical, 
p-adic and mod p Hilbert modular forms. 

2.7.1. Classical Hilbert modular forms. In this part of subsection, we recall the geoemetric definition of clas- 
sical Hilbert modular forms. 

Let i? be a Z(p)-algebra. A classical Hilbert modular form of polarisation ideal c, level K over i? is a func- 
tion / of isomorphism classes of a; = (^4,0;) where A & Sh^^'{c){S) and w is a differential form generating 
H'^{A, Ha/s) over O ®x S for an i?-algebra S such that the following conditions are satisfied. 

(Gel) If X ~ x', then f{x) = f{x') e S. 

(Gc2) f{x (8) S') = p[f{x)) for any _R-algebra homomorphism p : S ^ S' . 

(Gc3) f{Arp^^^^ ^(^),^(p\wcan) G i?|ob>ol for ^-iiy Isvel iiT^P^-structure 77^^^ oiTatea,b{q) defined over R, where 

ab>o = (abn J"+)U{0}. 

Let M{c,K, R) be the space of /'s satisfying the above conditions (Gcl-3). Let T = Reso/z'^m- We can 
define the notion of a weight k g Mor{T, Gm) of / £ M(c, K, R) (cf. [71 §4.1]). Here Mar denotes the group 
scheme homomorphisms. Let M(k, c, K, R) denote weight k elements in M(c, K, R). It turns out that 

(2.9) M{c,K,R) =^M{k,c,K,R). 

K 

For / G M{c,K,R), we have the following fundamental g-expansion principle (cf. [5", Thm. 4.21]). 

(g-exp) For any level X^^^-strucutre 77^^) oiTatea,bi<l) defined over R, f i~^ fiAxate^ t,(q)Tv'"^\^can) & ^[ab>o] 
determines / uniquely. 



2.7.2. p-adic Hilbert modular forms. In this part of subsection, we recall the geoemetric definition of p-adic 
Hilbert modular forms. 

Let _R be a p-adic algebra. A p-adic Hilbert modular form of polarisation ideal c, level K over _R is a function / 
of isomorphism classes of a; = {A,joo) G lK{c){Spec{S)) ~ IgK{c){Spf{S)) defined over any p-adic i?-algebra 
S such that the following conditions are satisfied. 

(Gpl) If X ~ x\ then f{x) = f{x') G S. 

{Gp2) f{x ® S") = p{f{x)) for any p-adic i?-algebra homomorphism p : S -^ S' . 

{Gp3) fiAratea i,(g)'^^^^) £ ^b&>ol for any level X(p)-strucutre 77^^) of rate„,fa(g) defined over R. 

In other words, p-adic Hilbert modular forms are the formal functions on IgK{c)/R. Let V{c,K,R) be 
the space of /'s satisfying the above conditions (Gpl-3). Note that 

(2.10) V{c, K, R) = H\lgK{c)/R, 0/,,,(c)/ J- 
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We can embed M{c,K,R) in V{c,K,R) as follows. Take / e M{c,K,R) and (Ajoo) e IgKic)iS). Note, j^ 
induces as isomorphism joo : O* ®Zp Lie{Grn) -^ Lie{A). Thus, Joo*(y) generates H^{A,V,a) as O (8)z i?- 
module. Now, / i-^ HAtJoo) '■= /(idi Joo*(x)) gives the desired embedding. In fact, M{c,K,R) is dense in 
V{c,K,R) (cf. [5, Cor 8.4]). 

In what follows, let / E V{c, K, R) and k G Aut{0* G„i). 

(wi) We say that / has weight k if f{A,ajoo) — K(a)^^ f{A,joo) for all a e O* ® Gm(S'). Here, a acts 
on joo in view of (2.5). 

Let V{k, c, iiT, R) be the elements in V{c, K, R) of weight k. 

For / G ^^(c,-?^, i?), we have the following fundamental g-expansion principle (cf. [31 Thm. 4.21]) 

(g-exp)' For any level X^^^-strucutre tj^p'' of Tatea,b{q) defined over R, f h^ liArate^ i,(«)'^'^'') ^ -R[[ci&>ol 
determines / uniquely. 

Now, let X be as in §2.6 and suppose R G CLw- We also have the following fundamental t-expansion 
principle (cf. [3 §8.4]) 

(t-exp) / (-> /{xst) G Rft^^ — 1, ...,t^'' — 1] characterises / uniquely. 

We call /{xst) as the i-expansion of / around x. 

2.7.3. Mod p Hilbert modular forms. In this part of subsection, we recall geoemetric definition of mod p Hilbert 
modular forms. For the basic theory of mod p Hilbert modular forms, we refer the reader to [3J. 

We define mod p Hilbert modular forms in the same way as p-adic Hilbert modular forms, just by replacing 
p-adic algebras in §2.7.2 by characteristic p-algebras. Let ^(c, K,¥) be the space of mod p Hilbert modular 
forms over F. Note that 

(2.11) V{c,K,¥)=H'{Ik,,,Oj^^^) 

This follows from (2.10) and (2.6). We say that a mod p Hilbert modular form is classical if it is a reduction 
of a classical Hilbert modular form mod p. Let 1 denote the constant mod p Hilbert modular form 1. 

Proceeding as in §2.7.2, we can define the notion of a weight for / G ^^(c,-?^, F). In this case, a weight k 
turns out to be an element in Mor(T(Fp),F^). Here, Fp is a finite field with p elements and Mor just denotes 
the group homomorphisms. 

In this case, we also have an appropriate analogue of (q-exp). 

In view of (g-exp), M{c,K,W) canonically embeds in W^[ab>o]. It turns out that the natural map from 

(M(c, K, W) (g)w F) n F[ab>o] to V{c, K,¥) is surjcctive (cf. 0). 



2.8. Linear independence. In this subsection, we recall a result on the linear independence of mod p Hilbert 
modular form and its image under certain transcendental automorphisms of the deformation space S^ due to 
Hida. 

Let X be as in §2.6. It comes from a CM point with CM type {ICx,^x) (cf. [6, §3.2]). We write p for 
Px as in (2.3). We denote Ik/f by ISk/f- In view of (2.6), this is notationally consistent. 
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As p in unramified in J^/Q, 0^ ^ = Op. Thus, 

(2.12) S, = 0-1 (g>z Grn = Op ' ®Zp ^™ = '^P ®Zp ^™- 

(awt) So, Aut(5a;) = 0;^. 

For each open compact subgroup K C G{A^) is maximal at p, let Vftr.j. be the geometrically irreducible 
component containing ttk{c){x) in Sh^,^. Consider V/p = lim Vj^/p. Let Ig{c)/Y be the Igusa tower over V/f. 
From (2.7), Oig(,)^^ ~ Cv,^(x)- 

(inc) Note that 0/g(c),x/F = ^^'^'^C)jgU\xx/¥ ^i^d O/grc)^!: is dense in Og . 

As shown in [6^ Lem. 3.3], /9(T(Z(p))) ~ 0^^ in 5(G,X) fixes x. Thus, O/^ acts on ©/^(c),^ and Oy,7r(2;). 

Recall, 7~(Z(p)) ^^ T{Zp) = Op (cf. (2.4)). The above action of O^ -. extends to its p-adic completion 

Op = Aut{Sx) (cf. (aut)). Note that a G Op acts on Sx hy t t-^ t"" where t is the canonical Serre-Tate 
co-ordinate. 

Theorem 2.7. (Hida) For 1 < i < n, let ai £ T{'Lp) such that ataj^ ^ T(Z(p)) for all i =1 j. Then, 
'^iiOig(c).K.x/¥) o,'"'^ linearly disjoint over¥ in OjgU\x/v- 

Proof. For K = 1, this is [6", Thm. 3.19]. Thus, for K maximal at p, we are done from [inc) and the fact 
that the projection t:k ■ Ig{^) — >■ IgK{c) is stale. 

U 

Let / be a mod p Hilbert modular form coming from the structure sheaf of IgK{^)/¥ (cf. (2.12)). For 
a e r(Zp), a{f) G 0§^ (cf. {inc)). 

Corollary 2.8. For 1 < i < n, let Ui G Tx{Zip) such that aioj ^ Tx{Cl), for i j^ j . Let J be a subset of these 
indices. If {1, fj G V{c, K,¥)}j are linearly independent overW, then {ai{fj)}ij are linearly independent over 

F. 

Proof. In view of (2.11), we are done by Theorem 2.7. 

D 



3. CyCLOTOMIC DERIVATIVE 

In this section, we obtain an expression for the cyclotomic derivative of Katz p-adic L-function in terms of the 
i-expansion of certain p-adic Hilbert modular forms around a well chosen CM point x (cf. (1.8)). 

Let X be a Hecke character of infinity type kS + k(1 — c), where fc > 1 and k — '^ Ko-ct G Z[I]] with 
Ka > 0. In §3.1-3.4, we recall Hsieh's construction of a special Eisenstein series E'' used to compute L^ and 
the formula of its g-expansion without proofs. In §3.5, we express L^ \ i^i terms of the i-expansion of certain 
p-adic Hilbert modular forms around x upto an automorphism of ZplF^] (cf. (1.8)). 
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3.1. Eisenstein series on GL2(Ajr). In this subsection, we briefly recall the construction of an Eisenstein 
series on GL2(Ajr) in terms of a section. 

Let X be a Hecke character of infinity type kS, where k > 1 and k = X^ Ha^cr G Z[E] with k^ > 0. 

We will identify the CM-type S C Honi(/C, C) with the set Honi(J^, R) of archimedean places of T by 
the restriction map. Let K^ := Ylaes ^0(2i R-) be a maximal compact subgroup of GL2(J^ ®q R). We put 

X* =x\-\aI andx+ =xIaJ- 

For s G C, we let I(s, x+) denote the space consisting of smooth and ii'J^-finite functions (p ■ GL2(A_7r) -^ C 
such that 



a b 
d 



9)^X+\d) 



0(ff)- 



Conventionally, the functions in I{s,x+) are called sections. Let B be the upper triangular subgroup of GL2. 
The adelic Eisenstein series associated to a section (f> G I{s, x+) is defined by 

It is known that the series Ej^{g, (p) is absolutely convergent for 5Rs 3> 0. 



3.2. Fourier coefficients of Eisenstein series. In this subsection, we recall the formula for the Fourier 
coefficients of the Eisenstein series on GL2(Ajr). 



Put w 



-1 

1 



Let w be a place of J^ and let Iy{s,x+) be the local constitute of I{s,x+) at v. For 



by G Iy{s,x+) and /3 G J\,, we recall that the f3-th local Whittaker integral Wp{(j>v,gy) is defined by 



W^/3 (</»«, 5f) 



(t)y{w 



T^ 



1 Xy 

1 



gy)ip{-/3xv)dxy, 



and the intertwining operator M^ is defined by 



M^(j)y{gy) 



Cj)y{vf 



T^ 



1 Xy 

1 



gy jdXy . 



Here, dxv is Lebesgue measure if J\, = R and is the Haar measure on J\, normalized so that vol(0_7r^ , dx^) = 1 
if J-"^ is non-archimedean. By definition, M^(j)y{gy) is the 0-th local Whittaker integral. It is well known that 
local Whittaker integrals converge absolutely for 5Rs ':^ 0, and have meromorphic continuation to all s G C. 



li (j) = (Eiv'f'v is a decomposable section, then it is well known that EA_{g,(f)) has the following Fourier ex- 
pansion: 



(3.1) 



EAig,^) = 0(5) + M^^ig) + J2 WfiiEA^g), where 
M^^ig) = ^___ -YlM^Mgv) ; Wp{EA,g) - ^-— - ■Y[W0{(f>y,gy 



V\D^ V 



V\D^ V 
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3.3. Choice of the local sections. In this subsection, we recall the choice of local sections in [8, §4.3] which 
gives rise to the Hilbert modular Eisenstein series E'' used to compute L^ . 

We begin with some notation. Let w be a place of J^. Let F = Ty (resp. E = K, (K>jr J-'y). Denote by 
z 1— >■ z the complex conjugation. Let |-| be the standard absolute values on F and let |-|^ be the absolute 
value on E given by \z\^ := \zz\. Let dp ~ dj^^, be a fixed generator of the different Ojf of -F/Q. Write x 
(resp. x+) for Xv (resp. x+.v)- If u G h, denote by -cuy a uniformizer of J-'y. For a set Y, denote by ly the 
characteristic function of Y. 

Suppose that £ is the prime-to-p conductor of x- We write £ = £+£^ such that £+ (resp. £~) is a product 
of prime factors split (resp. non-split) over F. We further decompose £^ = ^^^ such that (3^, ^c) = 1 a-nd 
5^ C S"^. Let D]Q/j: be the discriminant of K./ F and let 



Case I: u f £ Df^jjr. We first suppose that v — g ^ E \s, archimedean and i^ = R. For g 
we put J(5, i) := ci + d. Define the sections (j)^ g ^ of weight k in Iy{s^ x+) by 



e GL2(R), 



KsAg) =Ji9.^r' |det(ff)r • J{g,^)Jig,^) 



Suppose that v is non-archimedean. Denote by S{F) and (resp. S{F © F)) the space of Bruhat-Schwartz 
functions on F (resp. F (B F). Recall that the Fourier transform if ioT ip G S{F) is defined by 

^(y) = / (pix)i;{yx)dx. 

J F 

For a character /z : i^^ ^- C^ , we define a function ip^ £ 'S{F) by 

ft^ix) =Ic,x(a;)M(a;). 

If vIp^^"^ is split in ]C, write v = ww with wjS^Z'p, and set 

Vw = ^xv. and </j^, = (^^-i. 

To a Bruhat-Schwartz function $ G iS(F F), we can associate a Godement section /$ s G Iv{s,X+) defined 
by 

(3.2) UA9)-=\detg\' f mO,x)g)x+{x)\x\^' d'^x, 

where d^x is the Haar measure on F^ such that vo\{Op,d^x) — 1. Define Godement sections by 

'lIo„(a:)Vio„(y) •••«t®, 



(3.3) 



K,s,v = /$o,s, where $°(a;, y) 



^ipyj{x)ipyj{y) ■■■vl^SS". 

Let u G 0]]i. Let f^ and (^ll^' G S{F) be the Bruhat-Schwartz functions defined by 

(pl,{x) = Ii+j:^^o,(a;)x^^(2;) and (/?|^l(a;) = II«(n-n7„o„)(2;)x™(a;)- 

Define $i"' G 5(F F) by 

1 



(3.4) 



^':^ix,y) 



VOl(l -I- WyOy, d^X 



VA^)v^Hy) = [WA - i)vl.{xWtHy)- 



Case II: v\Dx,/j^^ ■ In this case, F is a field. We define an embedding F '-^ Af2(F) by 

b a 
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Here, S is as in (dl) and (d2)]. Then GL2(F) = B{F)p{E''). We fix a 0„-basis {1, 6^} of O^ sucli tliat 0^ 
is a uniformizer if v is ramified and 6^ — 0^ if u f 2. Let ty — 6y + 6y and put 



"?« 







Z Lt; 



J^^. 



Let 4)^,s^y be the smooth section in /^,(s, x+) defined by 



(3-5) (l^x-.s^vi 

Here, L(s,Xt)) is the local Euler factor of Xv- 



a b 
d 



p{z),y)=L{s,Xy)-X+\d) - -x-^z) ibeBiF),zeE-). 



3.4. g-expansion of normalized Eisenstein series. In this subsection, we recall the formula for the q- 
expansion coefficients of the Hilbert modular Eisenstein series E?* (cf. §3.3) used to compute L^ . 



Let Up be the torsion subgroup of O^ . For u — {uy)y\p G Up, let 4>p — ®^,|p<i>u "' be the Bruhat-Schwartz 



function defined in p.4p . Define the section (j)'^ si^p ) ^ I{^tX+) by 



o-ei: 



uSh, 

■ufP 



v\p 



We put 

X+ = {r == (r^)^e2; € C^ | Imr„ > for aU a <E S} . 

The holomorphic Eisenstein series E'j „ : X+x GL2(A^) — > C is defined by 

^""^^^^ i^A ((.9oo, 3/), 0^,, ($["!)) |.=o ■ n Jig^^^f, 



(3.6) 



Ev,u(t,5/) 



\kE 



{9oo = {9a)a e GL2(J"(8)qR), {gai)a€S = Maf^s)- 



Proposition 3.1. Letc= (cy) £ (A^r)^ such that Cy — 1 aiti|2D and let c ~ c{Ojr<Siz^)f^J^- The q- expansion 
o/E'' ^ ai i/ie cusp (O, c^^) is given by 

Ex,J(o.c-)(9) = E aME;j.„,c)-g^. 

The /S-th Fourier coefficient a^(E?' y,c) is given by 

a^(E;;_„,c)=/3(^-i)^nx-(^)V^(^) n X^.(/3)In„(l+^„o„)(/3) 






wes„ 



xn E ^*«n ■ n LiQ.xv)Ap{xv), 

yifX: \ i=0 J v\C-DK,/jr 



whe 



(3.7) 



AfiiXv) = Xv \-\Ei^V+^v)'>P{-djr (3Xy)dXy\s = 



:= lim 



Xy ^{Xy + Oy)llj{-djrlf3Xy)dXy. 



Proof. This follows from (3.1) and the calculations of local Whittaker integerals of special local sections 
in §4.3] (c/. [8j Prop. 4.1 and Prop. 4.4]). 

D 
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3.5. Cyclotomic derivative. In this subsection, we express L^ a ^^ terms of tlie i-expansion of certain p-adic 
Hilbert modular forms around x upto an automorpliism of Zp|r~J (cf. (1.8)). 

Suppose ttiat A is a self-dual Hecke character of type kY, with the root number —1 and fc > 0. 

For a e A^jjP\ let c(a) = c{OK:)N!c/Aa)- Here, a = a{OK: ®7, Z) n /C. Let Uk. = {Ok. ®7. Z)^, C/_ = 
/C^ A^ AAkj /Uk. and Cl°L^ be the subgroup of CI- generated by the ramified primes. Let Up be the torsion 
subgroup of (Ojr (gjz Zp)^ and let W^^ = Uk (^ {IC^)^~'^. Let Vi (resp. Pq ) be a set of representatives of 
Cl-/Cry in {A^KjV (resp. Up/W^s iriUp). 

The following theorem gives a formula for ii{L^ ■^) in terms of /i(Ey ). Here, Ey denotes the deriva- 
tive of E^^fc „ with respect to fc at fc — 0. 

Theorem 3.2. Suppose thatp\h^ ■ Djr. Then, we have 

'^(^-.^) = K.)fJoxp/^( iog,(i+p) )• 

Proof. We follow the notation of [8", §5.2]. For a Hecke character x and a G 2?i, we put £x,u.a = E^ ulc(a)- 
Sometimes, we drop x from the notation. 

The global root number being —1 implies that £\^u,a = (cf. Lemma 4.1). As p f h^Djr, from [loc. cit., 
remark on pp.19 and proof of Thm. 5.5], it follows that 

(ji,a)ePoxPi 

equals L~ , „fc upto an automorphism of Zp|Ti, ...,Td\. Thus, 

(u,a)Gl'oXl'i 
, £ ' (t) . 

It follows from (1.4) that L-^ ^ equals ^^ ^^ , , upto an automorphism of TipfTi, ...,Tdl. Being a p-adic limit 
of classical eigenforms, £y „ ^ is a p-adic eigenform. 

Note that p | tt(W'^). In view the linear independence of mod p Hilbert modular forms (cf. Corollary 
2.7), this finishes the proof. We refer to [loc. cit., proof of Thm 5.5] for the details. 

n 



4. Proof of Theorem A 

In this section, we prove Theorem A. In §4.1, we firstly give an outline of the proof. In §4.2, under the global 
root number being —1 hypothesis, we prove the vanishing of the corresponding Hilbert modular Eisenstein 
series (cf. §3.4). In §4.3 - 4.5, we prove the Theorem. 
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4.1. An outline. In this subsection, we give an outline of the proof of Theorem A. Some of the notation used 
here is not followed in the rest of the section. 

Let A be a Hecke character as in §3.5. To determine /i(Lj. _^), we try to study a/3(Ey , c(a)) (cf. Theo- 
rem 3.2). For a given j3 £ J^_|_, as x varies over Hecke characters as in §3.3 with conductor being divisible by a 
fixed finite set of primes, then all but finitely many terms a^(E^ „, c(a)) equal one or zero (cf. (3.7)). We say 
that such a term is non-trivial, if it does not equal one or zero. As k varies, the conductor of AA'^'^ is divisible 
by a finite set of fixed primes in /C. Say an upper bound for the number of non-trivial terms in a^(E^^fc ^, c(a)) 
is n = Hfj. For 1 < i < n, let us denote the non-trivial places by {vi)i. For a place w, let a^^^ „ denote the local 
factor correspoding to v. For any /?„ G T^ , we define a^^^^^t, by the same expression as the one for j3 e F+. In 
other words, the terms appearing in the expression for a^,^^„ are also defined for any j3^ 6 !F^ . In this notation, 

n 
i=l 

In particular, for an integer k 

n 

a;3(E^^fc „,c(a)) = J|a^J^Jv^t,i• 
Thus, by our definition (1.6) and the Leibnitz product rule 

n n 

(4.1) a/3(E^,_„,c(a))-^( [] a^,x.,)a;3,A',.,. 

As the root number of A is —1, a^(E^ ^, c(a)) equals zero (cf. Lemma 4.1). So, there exists at least one j such 
that Sip^x^y. equals zero. Choose one such j. Now, (4.1) simplifies as 

n 

(4.2) a^(E^,_„,c(a)) = ( [] a^,;,,,Ja0,v,.,. 

Analysing info^j^x Wp(a^,A,t)j) and info^^x v.p(a.p^y ^y^), we get the lower bound of the equality asserted in 
Theorem A (cf. §4.3). 

The upper bound seems to be delicate. In §4.4, we construct j3 e J-+ such that 



logp(l+p) 
For a given v dividing C~, in §4.5 we construct j3 G T+ such that 



(4-3) -A ,Jn\„, )-A^.(A). 



logp(l+p) 
This proves the upper bound of the equality asserted in Theorem A. 



(4-4) v,{ '^_);\ .^ )=Mp(A.). 



To construct /3 G J-+ satisfying (4.3) turns out to be equivalent to constructing /3 G J^+ such that the 
following conditions are satisfied. 

• There exists a non-split place vi \ "D such that B.fj^\_y-^ equals zero and for all u ^ ui, B.fj^\_y does not 
equal zero. 

• For v\€~, Vpiap^x^v) = Mp(At,). 

• Vpiap^x'^vJ = Wp(logp(l +p)). 

• For w j £^ and v ^ vi, Vp{afj^\^y) — 0. 
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To directly construct /3 satisfying the above properties seems difficult. So instead, we firstly construct /3„ G J-^ 
such that the following conditions are satisfied. 

• There exists a non-split place wi f S) such that a^^ ^\^^-^ equals zero and for all u ^ wi, a^^,^A.i> does not 
equal zero. 

• For v\<!r , Vp{sip^^x,v) = Mp(A«). 

• Wp(a/3^^,A'.i,i) =Wp(logp(l+_p)). 

• For V \ £~ and v ^ vi. Vp{B.jj^ ^\_y) — 0. 

Then, we try to find j3 G J^+ such that a^^^.u = a^^^^.u ■ However, it turns out that patching local /3t,'s to get 
a global /3 is not straightforward. Perhaps, this is not surprising as A is self-dual with the root number —1. 
For this kind of patching to work, Hsieh introduced a certain epsilon dichotomy condition for each place v on 
/3t, (cf. Lemma 4.7). In his case, the root number is 1. Depending on a place, we modify his condition to our 
seeting (cf. Lemma 4.6). 

Summarising, it suffices to find /?„ £ J-^ satisfying the above dotted properties and the epsilon dichiotomy 
condition. This is a local question. For v ^ vi, the construction of such /3^ is due to Hsieh. To find such 
/?„, Hsieh uses some input from local theta correspondence (cf. [8l Lem. 6.1]). For v = vi, we find such a /?„ 
rather directly (cf. Lemma 4.6). 

To construct j3' satisfying (4.4), we follows the same strategy as in the above construction of /3 (cf. §4.4). In 
this case, for v\<t~ we need to consider a^_A',u- Thus, the computation is a bit more involved. 



4.2. The vanishing of an Eisenstein series. In this subsection, under the global root number being —1 
hypothesis, the vanishing of the corresponding Hilbert modular Eisenstein series (cf. §3.4) is proven. 

We start with the vanishing. 

Lemma 4.1. Let X be a self-dual Hecke character with the root number —1. Let K^ „ be the corresponding 
Eisenstein series (cf. §3.4)- Then, E^ „ =0. Moreover, for a given /3 G 7-"+ coprime-to-^ and satisfying 
/3 G Uy{l + WyOy) for all v\p, there exists a non-split place vi such that W^((/)A,o.t>n Cv^) = 0. 

Proof. Recall, 

£x{t)^m''a) J2 A(a)fA,n,a|H(t<">^"") 

{u,a)e'DoxT>i 

equals L^ ^ upto an automorphism of ZplTi, ..., T^]]. 

As the root number of A is —1, it follows that L^ ^ — (cf. Introduction). By the linear independence 
of mod p Hilbert modular forms (cf. Corollary 2.7) it follows that E^ „ = 0. Thus, a^(E^ ,j^, c(a)) = 0. In 
particular, there exists a place vi such that W^(0A,o.t)iiCvi) = 0. 

If /3 is as in the last part of the lemma, then vi has to be non-split as for a split v, we have W^((?!'a o v,Cv) ^0 
(cf. (3.7)). 

D 

Here is a useful corollary. 

Corollary 4.2. Let /? G J-+. A necessary condition for non-vanishing o/a^(Ew , c(a)) is that exactly one of 
W^(0A,o,'u: Cv) 's vanishes for local v 's. Moreover, such a v must be non-split. 
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Proof. The first part of tire corollary follows by the Leibnitz rule (cf. (3.7)). 

If /? is as in Lemma 4.1, the second part follows immediately by the lemma. If it not of this form, then 
Wj3{(j)xfl^v,Cv) = for some v\p^ (cf. (3.7)). Thus, 



a^(E^^.„,c(a))-0 
for any k (cf. (3.7)). In particular, a^(Ey , c(a)) — 0. 



D 



4.3. A lower bound. In this subsection, we prove greater the lower bound 

Kl's^x) > mm{^p(A),^p(A^,)} 

of the equality asserted in Theorem A. 

Let V he a local place of J- and |.| be the corresponding absolute value. Sometime, we denote fC^^J-y by 
/C, !F respectively. 

Let A be as in §4.2 and N be the norm Hecke character. From self-duality, 

(4-5) A*|_^x =tk^/^^. 

Here, T^„/jr^ denotes the character associated to the extension /C„/J^^. 

Let A be the derivative of AA^''' with respect to fc at fc = 0. 

Lemma 4.3. i. A'(Mro^) = cn(Tx/j^(u)(-|n7^,|")) logp(|tJ7„|). 

a. A'*(wtJ7;^) = (-l)"cnr^/j?(M)logp(|n7^|). 

Hi. \ogp{vDy) divides Wj3{(j)^' q ^, Cy) for any local place v \ p and (3 G J-y . 

Proof. From (4.5), for u e O^^, 

(4.6) xiuw:) = T,c/An^:)\^vr = T,c/Au)H^v\r. 

Now, N = \.\j^x ■ Thus, N^{uuj") — Izjyl'^"''. Here, c = 1 or 2 depending on v. Fixing u and n, we think 
N^{uvj'^) as a function of k. Note that 

(4.7) A'(uO = {Tfc/Au){-Wv\T)\ogp{Wyr) = cn{TK,F{u){-Wyn)^og^{Wy\). 
In particular, A (m) = 0. In any case, log {\vDy\) divides A {uWy). Also note that 

(4.8) X^ium'i) = \wy\-''\{uw'^) = {-ircnTK/F{u)\ogp{\my\). 

It follows from the formulas in [9, §4.3] that logp(|tJ7„|) divides Wp{(j)y Q,j,Cy) for v \ p. Here, Wi3{4>y g^jC^) 
denotes the p-adic derivative of W^,3(0AA"=,o,tii ^v) with respect to fc at fc = 0. 

D 

Now, we are ready to prove the lower bound. 

Proposition 4.4. 

/^(^s.a) > min{Mp(^),Aip(At,)}. 
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Proof. From the definition of /i and Theorem 3.2, it follows that there exists /3„ e Tj^ and (u, a) G 2?o x ^i 
such that 

a« (E^, ,c(a)) 

(4.9) liniz;p( ■ \:\ . ) = M(is,A)- 

logp(l+p) 

In view of §4.2, we can suppose that /3n is coprime-to-g" and /?„ G Ut,(l + tn^Ot,) for all u|p . We can also 
suppose that there exists exactly one non-split place w„ such that W^(0a,o,u„jCv„) vanishes. 

We have the following two cases. 



Case I - w„|£ . From (3.7), it follows that 

^'•''^ log,(l+p) =^" log,(l+rt 11^ W^/^.(^>,o,.,c.), 

By Lemma 4.3 iii., 



.W^/3„(0A',O.i,„'CvJ logpdro^, 

^p( 1.. ,^\ ^^ ) ^ "p(l 



logp(l+p) '- ''Mogp(l+p)- 
From (4.16) and (4.17)] , 

«p(W^/3„(</'A,0,-«,Cv)) > A*p(A„). 



Thus, 



a^JE'', ,c(a))^ 



(4.11) ^p( ^;' ^.;" ;" ) > A*p(A„J. 

logp(l+p) 

Case II - u„ f £". From (3.7), it follows that 

^'■^'^ iog,(i+p) -^" iog,(i+p) n ^..(^>,o,.,c.) 

By a similar argument as in the previous case, we conclude 

a/3„(E^, ,c(a)) 

(4.13) •"' logjl'Vp) '^"-W- 

In either case, we get 

0/3„(E^, ,c(a)) 
"^( logp(r+p) ) - -inW(^)'Mp(A.)}. 
Thus, 

a/3„(E^, ,c(a)) 

(4.14) ^r^^( logp(l+p) ^ - ,7^n{Mp(A),A.p(A,)}. 



n 



4.4. An upper bound I. In this subsection, we prove an upper bound 

M(is,A) < Mp(A) 
of the equality asserted in Theorem A. 

Let ^ = 2(5, where 6 is as in [6, (dl) and ((i2)]. We recall a lemma on the local root number of a self- 
dual Hecke character. 
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Lemma 4.5. Let x be a self-dual Hecke character. Then, 

wixi) = ±x:{0- 

Moreover, 

1. If V is split, then VF(xJ) = XviC) '^'^'^ 

2. Ifv is non-split, then W{x{) = (-1)"''^"^+''^'^^^^X^(0; ^here c{R) ^ V^\^V^^^j,) (cf. [TTl Prop. 3.7];. 

We start with a couple of local lemmas. 

Let v\ be a non-split place which is relatively prime to p€,€^DK^ijr such that 

(^^r,■^ log(|tl7^J) 

4-15 Vp{ ^ J ^0- 

log 1+p 



Lemma 4.6. There exists an rj^-^ e J-^^ and Cvj such that the following conditions are satisfied, 
i. 

(4.16) W^(A:jr^„,/^„,(^.J = -A:,(C), 

n. 

Proof. Choose an tj^^ satisfying (4.16) and let Cv^ be such that wi(r/i,^Cvi) is odd. The existence of rj^^ 
follows by by Lemma 4.5. 

Note that the condition (4.16) forces VF,,^ {4'\.o,vnC^i) to vanish (cf. [9^, (4.7)]). 

From (3.7), it now follows that 

(4.18) Wr,^^{4>x'fl,.v^..) = \'DA-^^og^{W,A) J2 (-1)'*- 

4=0 

Now, X]i=o (~1)*^ equals ^ if n is even and —^ — - if n is odd. 

In view of Lemma 4.5, the condition (4.16) basically puts a restriction on whether wi(ryi,j) is even or odd. 
Thus, we are done from the above formula (4.18) and the choice of vi (cf. (4.15)). 

n 

For convenience, let us state ^ Prop. 6.3] as the following lemma. 

Lemma 4.7. (Hsieh) Let wjC^. There exists an rj^ G J-^ and Cv such that the following conditions are 

satisfied. 

i. 

(4.19) w{\:)t^j^sv,)^k{o. 

a. 

(4.20) i'p(W^„„(0A,o,«,Cv)) = l^p{K)- 

With enough preparations, we have the following proposition. 
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Proposition 4.8. There exists /3 G J^+, u £ Vq and c(a) such that 

"^^ log,(l+rt ^^^^(')- 
/n particular, 

Proof. As explained in §4.1, we basically modify the strategy in [51 proof of Prop. 6.7] to our setting. 

Let vi and rjy^s be as in the last two lemmas. We extend (?yt))t,=ui,i,ic- to an idele ry — (rjy) in A^ such 
that 

for every finite place v ^ vi. From jT4] . 

for (T G S. As VF(A*) = —1, we conclude that Ti(^/jr{ri) = 1. In particular, 77 can be written as (3Nj(^^jr{a) for 
some /3 e T^ and a G A^i^. By the approximation theorem, a can be chosen so that a = 1 mod p(wi£~)" for 
sufficiently large n. 

Summarising, for every sufficiently small e, we have /3 G J-^ fl Orp^jc-j such that 

• \/3 — rjyl < e for all v — vi and u dividing €~ , 

• W^(^^i)^k:„,/.f„,(?7i)i) = -A;^(0 and W{Xl)T^jjr^{r]y) = A;(0 for every finite place v ^ vi. 

Now, choose e small enough so that Wi3{cj)\,o,v,Cv) — W^jj„(0a' Ou''^v) for all w|£^ and 

W'/^ ('/'a' ,0,1,1 ' Cv J = W^„, (0V ,0,^1 ' Cv J. 

Consider, ^ := Yiaiv cl"''^'^''- From lemma 4.5, it follows that v{(3) = v{c{R)) ( mod 2 ) for every inert 
place V I ui£^. Thus, there exists a fractional ideal of i? such that 

(4.21) a = (/3)c(i?)A^K/^(a)-^ - (/3)c(a). 

Define c G (A^)^ by Cy ~ (3^^ if v is prime to pwi££'^, c„j as in Lemma 4.6 and Cy = 1 otherwise. Thus, 
iljr(c) = c(a). Let u GUp such that u = /3 { mod p). 



By (3.10), a/3(E^,,c) equals 



-p n ^';.(<^a,o,i^'Cv)W^^„^((/)a',o,«i'Cvi) 



(4.22) = A+(c)[]A„(/3) n T4^,„(<^A,o,.,Cv)Ty,„j0v,o,.„i'CvJ. 

We are done by (4.17) and (4.20). 

n 
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4.5. An upper bound II. In this subsection, we prove an upper bound 

of the equality asserted in Theorem A. This subsection is quite similar to the previous subsection. 
Let w be a place dividing £^ such that w(£^) = 1. 
We start with a couple of local lemmas. 

Lemma 4.9. Suppose that v is ramified. There exists an rjy G J-"^ and Cv such that the following conditions 

are satisfied. 

i. 

(4.23) W{X:)tk^/p^M ^ 'Xm- 

ii. 

(4.24) »,( ":"^;'fr' )-°^'i'^^^'^ 

logp(l+p) l08p(l+p) 

Proof. Recall, the condition (4.23) just puts a condition on the parity of v{riv) (cf. Lemma 4.5). Start 
with an 771, satisfying this condition along with v{2riy) > —1. Then, it follows that (cf. [9, Prop. 4.4]) 

(4.25) W^^J0^Jv^o..,Cv)=V'^i»^.)|2df'|((AiV'=)*(^-l)|t:c7„|l/2 + (A7V'^-)*(_2^„d^l)e(l,(A7V'^-)+|.|-^^)). 

Thus, 
(4.26) 

W^..('^A',o,.>Cv)=a((A')*(0-i)|ti7„|i/2 + (A')*(-2%d^^)e(l,A+|.r\^) + A*(-27?„d^i)e(l,A:,|.r\^)), 

where a — ijj^ {twrjv)\'2,d'^ \. 

Now, X* {{~2f]i,d'jr'')) = T;c„/J^„((-2?7t,d^^)) (cf. (4.5)). This value is already by (4.23). So, the only quantity 
we can vary is (A )*(— 2ryi,d^ ). 

By (4.8), it is clear that we can choose an rjy satisfying (4.24) as well. Let Cv = 1. 

D 

We now consider the inert case. 

Lemma 4.10. Suppose that v is inert. There exists an r]y 6 F^ and Cv satisfying the same conditions as of 
the previous lemma. 

Proof. In view of (4.23) and (4.24), it follows that the only change in this and the ramified case is the 
formula for W,,^, ((/)AArfc.o,t,, Cv). Recall, AA^'^Iqx = 1 (cf. (4.3)). 

Let rjy e Oy. Thus, from p, Prop. 4.5] 

v{2p) 

(4.27) W^,.(0A^.,o,.,Cv) = b{-\zuy\ + ^ iXN'^nmi)\l-my\ - {XN'r{m:(^^^+')\ujy\), 

where &= \dp^\L{0, XN'') (cf. [loc. cit., (4.16)]). 

From (4.8), ^ expression is quite similar to (4.18). As the argument is very similar to the proof of Lemma 
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4.6, we skip the details. 

D 

With enough preparations, we have the following proposition. 

Proposition 4.11. 

Kl's.x) < min{^p(A),Aip(A„)}. 

Proof. If (J,p{\v) = for all u|£^, then the proposition follows from Proposition 4.8. Thus, we suppose 
that fip{Xvi) ¥" for vi\€~ . 

In this case, wi{€.^) = 1 (cf. [51, proof of Prop. 6.3]). Thus, we are in the situation of the last two lem- 
mas. 

Let r/v^ be as in these lemmas depending on whether vi is ramified or inert. Let rjy for w|£~ and v ^ vi 
be as in Lemma 4.7. 

Extend {'r]v)v\€- to an idele (r/„) in A^ in the same way as in the proof of Proposition 4.8. Proceeding 
as in the same proof, we get /? £ J-lf, u £ Vq and c(a) such that 

ai3(E>l, ,c(a)) 
logp(l+p) ^ 

n 



Corollary 4.12. Theorem A holds. 

Proof. This follows from Proposition 4.8 and Proposition 4.11. 

n 



5. NON-VANISHING OF ANTICYCLOTOMIC REGULATOR 

In this section, we prove the non-vanishing of the anticyclotomic regulator of a self-dual CM modular form 
with the global root number —1. 

In this section, we suppose that 7^ = Q. Let the notation and hypothesis be as in Theorem A. Let fx 
be the CM modular form associated to A. 

To finish the notation, let TZ\ be the regulator of the A|r^]]-adic height pairing associated to f\ (cf. [2J 
§4.4]). 

Our application is as follows. 

Proposition 5.1. Suppose that p \ hic- Then, the anticyclotomic regulator TZ\ does not vanish. 
Proof. We follow the notation in ]loc. cit.]. 

Let X*{IC^) be the anticyclotomic dual-Selmer group associated to fx/IC^. It is a A[r^]-module of rank 
one (cf. ]loc. cit., Thni. 2.2]). Let A" £ AfP^J be the characteristic ideal of the torsion sub-module of A'*(A^J^). 
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In H Thm. 2.2], it is proven that 

(5.1) xn = {L^^^) 

as ideals of Zp|r~] (g)Zp Qp- 

The proposition follows by Theorein A. 

D 

Remark. When A is a Grossencharacter of a CM elliptic curve, the above proposition is proven via Iwasawa 
theory of CM elliptic curves and a non- vanishing result of Rohrlich (cf. [T, App.]). 
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